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Abstract 

The connection between the Anti-Wick and Weyl quantization is given for cer- 
tain class of global symbols, which corresponding pseudodifferential operators act 
continuously on the space of tempered ultradistributions of Beurling, respectively, 
of Roumieu type. The largest subspace of ultradistributions is found for which the 
convolution with the gaussian kernel exist. This gives a way to extend the definition 
of Anti-Wick quantization for symbols that are not necessarily tempered ultradistri- 
butions. 



Introduction 

The Anti-Wick and the Weyl quantization of global symbols, as well as their connection, 
in the case of Schwartz distributions was vastly studied during the years (see for exam- 
ple [10] and [19] for a systematic approach to the theory). The importance in studying 
the Anti-Wick quantization lies in the facts that real valued symbols give rise to formally 
self-adjoint operators and positive symbols give rise to positive operators. On the other 
hand the Weyl quantization is important because it is closely connected with the Wigner 
transform and also, the Weyl quantization of real valued symbol is formally self-adjoint 
operator. 

The results that we give here are related to the global symbol classes defined and 
studied in [16], which corresponding operators act continuously on the space of tempered 
ultradistributions of Beurling, resp. Roumieu type. 

For a symbol a which is an element of the space of tempered (ultra) distributions, its 
Anti-Wick quantization is equal to the Weyl quantization of a symbol h that is given as 
the convolution of a and the gaussian kernel e~' ' . The purpose of this paper is twofold. 
In the first part we extend results from [10] (see also [19]) to ultradistributions. More pre- 
cisely, we give the connection of Anti-Wick and Weyl quantization for symbols belonging 
to specific symbol classes developed by one of the authors in [16]. The last two sections are 
devoted to finding the largest subspace of ultradistributions for which the convolution with 
the gaussian kernel exist. The answer to this question in the case of Schwartz distributions 
was already given in [21]. This gives a way to extend the definition of Anti-Wick operators 
with symbols that are not necessarily tempered ultradistributions. In particular, we prove 
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theorem 5.1, which gives such class of symbols. 
The paper is organized as follows: 

Section 1 contains some basic facts concerning spaces of ultradistribution. 

In Section 2 we recall important results related to the symbol classes and their cor- 
responding pseudodifferential operators defined and studied in [16]. 

Section 3 is devoted to the connection between the Anti-Wick and Weyl quantization 
of symbols belonging to the mentioned symbol classes. 

In Section 4 we find the largest subspace of ultradistributions for which the convolu- 
tion with e''l■l^ s e M\{0}, exist. 

In Section 5 we extend the definition of Anti-Wick operators for symbols that are 
not necessarily tempered ultradistributions, by using the results obtained in the previous 
sections. 



1 Preliminaries 

The sets of natural, integer, positive integer, real and complex numbers are denoted by N, 
Z, Z+, M, C. We use the symbols for x G M"^: (x) = (l+|xp)i/^ = D^' . . . = 
a = (ai, ^2, . . . , ad) E N"^. Uz e C^, by z"^ we will denote zf + ... + zj. Note 
that, if X G M"', = |xp. 

Following [6], we denote by Mp a sequence of positive numbers Mq = 1 so that: 

(M.l) M2 < Mp_iMp+i, peZ+; 

(M.2) Mp < CqHP min {ikL.gMj, p,qeN, for some Cq, > 1; 

0<q<p 

(M.3) ± ^ < , . Z„ 

p=q+l P '2+^ 

although in some assertions we could assume the weaker ones (M.2)' and (M.3)' (see [6]). 
For a multi-index a G N"^, M^ will mean M\a\, |«| = ai + ... + ad- Recall, nip = Mp/Mp^i, 
p G Z+ and the associated function for the sequence Mp is defined by 

ff 

M{p) = sup log.^. — , p > 0. 

pen J-vip 

It is non-negative, continuous, monotonically increasing function, which vanishes for suf- 
ficiently small p > and increases more rapidly then (In pY when p tends to infinity, for 
any j» G N. 

Let U C M'^ be an open set and K CC U (we will use always this notation for a 
compact subset of an open set). Then 8^^'^^'^{K) is the space of all Lp G C°°{U) which 

satisfy sup sup ^ ua^^^^^ ^ ^'^'^ -pi^^p}'^ jg space of all (p G (M'^) with supports 

\D°'ip{x)\ 

in K, which satisfy sup sup — — < oo; 

£(*■«([/)= Urn \^S^^'^^^^{K), ^i^«(t/)= hm \im 8^^'^^^^{K), 

KCCUh^O KCCU h^oo 



3 



V^^'^'\U)= Ihn \mvV^^^^'\ V^^'^'\U) = Ihn XmvV^^^^'''. 

KCCU h^O KCCU h^oo 

The spaces of ultradistributions and ultradistributions with compact support of Beurl- 
ing and Roumieu type are defined as the strong duals of T>^^^\U) and E^^^'^^U), resp. 
V^^'^p^{U) and £^^^p^{U). For the properties of these spaces, we refer to [6], [7] and [8]. In 
the future we will not emphasize the set U when U = W^. Also, the common notation for 
the symbols (Mp) and {Mp} will be *. 

For / G L\ its Fourier transform is defined by = J^d e~''^^f{x)dx, ^ G M.'^. 

By 9^ is denoted a set of positive sequences which monotonically increases to infinity. 

For (rp) G 9^, consider the sequence A^'o = 1, iVp = MpYl^^irj, p G Z+. One easily sees 

that this sequence satisfies (M.l) and (M.3)' and its associated function will be denoted 

pP 

by Nr^ip), i-e. iVr-p(p) = suplog+ , p > 0. Note, for given (rp) and every 

k > there is po > such that N^^^p) < M{kp), for p > pq. In [8] it is proven that 
for each K dC. M'^, the topology of T)^^^^^ = lim x>\^^^^''^ is generated by the seminorms 

P{tj),K{f) = sup — , where (tj) G 91. In [15] the following lemma is proven. 



Lemma 1.1. Let (kp) G fH. There exists (k^) G 9^ such that k'p < kp and 



p+q 



i=i i=i i=i 



Hence, for every (kp) G £H, we can find (/Cp) G 91, as in lemma 1.1, such that A^fcp(p) < 
A'fc/ (p), p > and the sequence iVo = 1, Ap = Mp]Yj^^ k'j, p G Z+, satisfies (M.2) if Mp 
does. 

From now on, we always assume that Mp satisfies (M.l), (M.2) and (M.3). It is 
said that -P(0 = X]qgn<* '^a^"' ^ ^ ultrapolynomial of the class (Mp), resp. 

{Mp}, whenever the coefficients Cq satisfy the estimate \ca\ < CL'^I/Mq,, a G N"^ for 
some L > and C > 0, resp. for every L > and some Cl > 0. The corresponding 
operator P{D) = J2a^o'^°' ultradifferential operator of the class (Mp), resp. {Mp} 
and they act continuously on S'^^^\U) and p(^'^f)(f/), resp. £:^^'^f>(f/) and 'D^^^''>([/) and 
the corresponding spaces of ultradistributions. In [15] a special class of ultrapolynomials 
of class * were constructed. We summarize the results obtained there in the following 
proposition. 

Proposition 1.1. Let c > and k > 0, resp. c > and (kp) G 9^ are arbitrary but 
fixed. Then there exist I > and q G Z+, resp. there exist (Ip) G 9^ and q G Z+ such that 

-P'(^) = Y\. ~^ /2 — 2 1 ' ''^^SP- Pipi^) = Y\. \ ~^ /2 — 2 j J an entire function that doesn't 

have zeroes on the strip W = M.'^ + i{y G M'^Hyjl < c, j = 1, d}. Pi{x), resp. Pi^{x), is an 
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ultrapolynomial of class *. Moreover \Pi{z)\ > Ce^^^^^^/^\ resp. \Pi^{z)\ > Ce^''p^^^^\ z G 



W , for some C > and 



Piix) 



<C.^e-''^\^\/'\resp. 



— ^\a\ 



G N'^, where C depends on k and I, resp. (kp) and (Ip), and Mp; r < c arbitrary 

but fixed. 

We denote by S^"'"^ (M°'), m > 0, the space of all smooth functions (p which satisfy 




^l"l + l/3|(2;)l°IZ}/3y,(x) 



1/2 



dx 



< oo, 



supplied with the topology induced by the norm arn,2- The spaces S'^^'^^'' and S'^^^^^ of 
tempered ultradistributions of Beurling and Roumieu type respectively, are defined as the 
strong duals of the spaces S^^^^ = hm S^'"'"" (M^) and S^^^"^ = lim S^'"'"" (M'^), respec- 



m— ^0 



tively. In [3] (see also [11]) it is proved that the sequence of norms (7^,2 5 m > 0, is equivalent 



with the sequences of norms 



m > 0, where \\if\ 



m 



sup 



l"l||D"^(-)e 



M{m\-\)\ 



-. If 



we denote by S^"'"" (M"^) the space of all infinitely differentiable functions on M'^ for which 
the norm || ■ ||„, is finite (obviously it is a Banach space), then S^^'^"'^ (M"') = hm S^"'"" {R'^) 

■m— >oo 

and S^^^^^ (R"^) = lim S^^'"" (M"^). Also, for ms > mi, the inclusion S^"""'' (M"') — > 



iSoo*"™^ (ffi'^) is a compact mapping. So, S* (W^) is a (FS) - space in (Mp) case, resp. a 
(DFS) - space in the {Mp} case. Moreover, they are nuclear spaces. In [3] (see also [13]) it 
is proved that ^^^^''^ = lim ^JJ^ where 5 JJ^^^^^^ = ^ (M"^) | < oo} 



and yWirpUs,) = sup 



L°° 



Also, the Fourier transform is a topological 



automorphism of S* and of S'*. 

Denote by Oq the space of convolutors for S*, i.e. the space of all T G S'* for which 
the mapping if T * if is well defined and continuous mapping from S* to itself. Denote 
by 0\i the space of multipliers for S*, i.e. the space of all if) E £* for which the mapping 
If) ^ tpif is well defined and continuous mapping from S* to itself. For the properties of 
these spaces we refer to [4]. 

We need the following kernel theorem for S'* from [16]. The (Mp) case was already 
considered in [9] (the authors used the characterization of Fourier-Hermite coefficients of 
the elements of the space in the proof of the kernel theorem). 

Proposition 1.2. The following isomorphisms of locally convex spaces hold 

S* (M"'^) ^S* (M"'^) ^ S* {R'^'+'^^) = Cb [S'* (M'^i) ,S* [R'^^)) , 
S'* (M'^i) (S)S'* {R'^'') ^ S'* = Cb {S* {R'^') ,S'* (M'^^)) . 
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As in [13], we define P2°° by v'^^'^ = Hm T>^Z resp. V^^''^ = Urn V^Z ^ , where 

^ ^|a| II /^'^yj II 

T>]^Z h is the Banach space of all tp E C°° for which the norm sup — — is finite. 



We define T>ioJ' as the space of all functions such that, for every (tj) G ^H, the 
norm pu.){ip) = sup rr~~ finite. The space vY'd^^ is complete Hausdorff locally 

convex space because vj^^^^ = hm P^!^ ^.^ -j, where 'D^^ is the Banach space of all C°° 



functions for which the norm P{tj){-) is finite. In [13] it is proved that V^j^^^^ = Pj^if'''^ as 

sets and the former has a stronger topology than the later. Denote by resp. B^^^^^ 

the completion of p(^^f), resp. V^^^p\ in resp. p[tf''^ The strong dual of B^^'^^\ 

resp. B^^'^p\ will be denoted by resp. T>'^^^\ For the properties of these spaces we 

refer to [13]. 



2 A class of pseudo-differential operators 

In this section we will give a brief overview of the global symbol classes constructed in [16]. 
It is important to note that similar symbol classes were considered by M. Cappiello in [1] 
and [2]. All the results that we give in this section can be found in [16]. 
Let a E S'* (M^"') . For r G M, consider the ultradistribution 

K^{x,y) = - r)x + ry,0 G S'* [R^') . (1) 

Let Op^(a) be the operator from S* to S'* corresponding to the kernel KT-{x,y), i.e. 

(Op^(a)u, v) = {Kr, v0u),u,veS* (M^) . (2) 

a will be called the r-symbol of the pseudo-differential operator Op^(a). When r = 0, we 
will denote Opo(a) by a{x,D). When a E S* {R'^'^), 

Op,(a)w(x) = [ e*(^-^)«a((l - t)x + ry, i)u{y)dydi, (3) 

(2vr)'* J^2d 

where the integral is absolutely convergent. 

Proposition 2.1. The correspondence a t— K^. is an isomorphism of S* {R?'^) , ofS'* {R'^'^) 
and of (M^*^) . The inverse map is given by 

a(x, = J^y^iKr{x + ry, X - (1 - T)y). 

Operators with symbols in S* correspond to kernels in S* and by proposition 1.2, those 
extend to continuous operators from S'* to S* . We will call these *-regularizing operators. 
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Let Ap and Bp be sequences that satisfy (M.l), (M.3)' and Aq = 1 and Bq = 1. 
Moreover, let Ap C Mp and i?p C Mp i.e. there exist Cq > and L > such that 
Ap < cqU'Mp and i?p < coLPMp, for all p G N (it is obvious that without losing generality 
we can assume that this cq is the same with cq from the conditions (M.2) and (M.3) for 
Mp). For < p < 1, define tJ^'^^^ (M^^; h,m) as the space of all a e (R^'^) for which 
the following norm is finite 



|D?Dfa(x,0| ((a:,e))^l°l+^l^le-*^('"l«l)e-^^('"l^l) 
||a|U,^,r = sup sup hW\+m A R " 

It is easily verified that it is a Banach space. Define 

m— >0 h—>oo 

r^Xp (^''' (M^^; /^) are (F) - spaces. T^Xp (^'') 1^^^]- {R^'^) 

are barreled and bornological locally convex spaces. 

Theorem 2.1. Let a G T^j^^^^^ (M^^^) . Then the integral (3) is well defined as an iterated 
integral. The ultradistrihution Op^(a)M, u & S* , coincides with the function defined by that 
iterated integral. 

Theorem 2.2. The mapping {a,u) ^ Op^{a)u, r^~^^_^ (M^^) x S* (M"^) — > S* {M.'^), is 
hypocontinuous. 

Let pi = inf{p G M+|Ap C M^} and p2 = inf{p G R+\Bp C M^} and put po = 
max{pi,p2}. Then < po < 1 and for every p such that Po < p < 1, if the larger infimum 
can be reached, or, otherwise po < p < 1, Ap C. and Bp C M^. So, for every such p, 
there exists Cq > and L > (which depend on p) such that, Ap < CqL^M^, Bp < CqL^M^. 
Moreover, because Mp tends to infinity, there exists c > such that M^ < cMp, for all 
such p. From now on we suppose that Po < P < 1, if the larger infimum can be reached, 
or otherwise po < P < 1- 

For t > 0, put Qt = {(x,0 e M2rf|(a;) < t, (^) < t} and Q^" = R^'^\Qt. Denote by 

oo 

FS^^^''^^ p{p?'^]B,h,m^ the vector space of all formal series ^^aj(x, ^) such that Oj G 

i=o 

^intQsm^J, D^D^aj{x,C,) can be extended to continuous function on Q^^^j 
G N'^ and 

|D?L'faj(x,0| ((x,0)^'"'+^"''+^^'''e-*-^HCI)e-A^{'nkl) 

sup sup sup 5 , I A A < oo. 

jen J h\'^\+m+^^A^BpA,Bj 
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In the above, we use the convention mo = and hence Qsmo ~ easy to check 

that FS^^'^^ p (M^'^; B, h, m) is a Banach space. Define 

FS^IXp (^''' m) = lim FS^^Z^ {R^^; B, h, m) , 

B,m~^oo 

FSi'^tZ i^"'-^ B, h) = lim FSl-l^ (M^^; B, h) , 

and (M^'^; 5, /.) are (F) - spaces. F^i^^;- (M^^) and 

FS^a^^bJ^ (M^"') are barreled and bornological locally convex spaces. Note, also, that the 
inclusions F^^^^^^ (M^'^) — > FS*^'^^^^^ (M^"^) , defined as a i— )■ ^^a^, where oq = a and 

= 0, j > 1, is continuous. 

Definition 2.1. Two sums, ^^Oj, ^^^i ^ FS*^^^^^ (M^"^), are sazc? to he equivalent, in 

notation ^^Oj ~ ^^^j? ^/ there exist m > anc? i? > 0, resp. there exist h > and 
i? > 0, such that for every h > 0, resp. for every m > 0, 



sup sup sup 



p\a\+p\l3\+2Np 



N 



From now on, we assume that Ap and Bp satisfy (M.2). Without losing generality we 
can assume that the constants cq and H from the condition (M.2) for Ap and i?p are the 
same as the corresponding constants for Mp. 

Theorem 2.3. Let a G F^^^^^^ {R'^'^) be such that a ~ 0. Then, for every r eR, Op^(a) 
is * -regularizing. 

Theorem 2.4. Let^aj G FS*X^j^^^p {R'^'^) be given. Than, there exists a G ^*aZbp,p (^^"')' 

In the proof of the theorem the construction of a is given in the following way. Let 
(f{x) G (M'^) and ^(0 e ^^^^''^ (K"^), in the (Mp) case, resp. f{x) G V^^^^ (M'^) 

and ?/;(0 e P^^''^ (M'^) in the {Mp} case, are such that < (p,ip < 1, (p{x) = 1 when 
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(x) < 2, ^(0 = 1 when (^) < 2 and ^(x) = when (x) > 3, = when (^) > 3. 

Put x{x,0 = ¥^{x)tp{^), Xn{x,^) = X n e Z+ and R > and put 

Xo(a^5 = 0- The desired a can be define to be a(x,^) = ~ Xji^^O) ^ji^^O 

sufficiently large R in the definition of Xn- 

Theorem 2.5. Lei r, ri e M and a G T^^^^^^ (M^^i) . r/iere exzsfo 6 G T^^^^^ (M^^) arwi 
* -regularizing operator T such that Op^^(a) = Op^(6) + T. Moreover, 

Theorem 2.6. Let r G M and a G ^*A^Bp p (IR^*^)- T'^e transposed operator, *Op^(a), zs 
siz// a pseudo-differential operator and it is equal to Op;^_^(a(x, —C))- Moreover, there exist 
b G ^*A^Bp p (J^^*^) (^''^d * -regularizing operator T such that *Op^(a) = Op^(6) + T and 

a 

Theorem 2.7. Lei a, 6 G T^^^^^^ (M^'^) . T/iere exist f G T^^^^^^ (R^'^) and * -regularizing 
operator T such that a(x, D)b{x, D) = f{x, D) + T and f has the asymptotic expansion 



a 



We end this section with the following technical lemma which is also proven in [16]. 

Lemma 2.1. Let Mp be a sequence which satisfies [M.l), (M.2) and (M.3) and m a 
positive real. Then, for all n G M{mmn) < 2(com + 2)nlniL + Inco, where cq is the 
constant form the conditions (M.2) and (M.3). If (tp) G 9i then, Ntp{mmn) < nlnLf + lnc 
for all n G where the constant c depends only on Mp, (tp) and m, but not on n. 



3 Anti-Wick quantization 

First we recall definition and some basic facts about the short-time Fourier transform. It 
will be convenient to introduce some notation to make the definitions less cumbersome. 
Put ^0(2^) = 7r~°'/^e~2'^'' and Qy^r){x) = 7r~'^/^e*^''e~2l^~2'l , where y and 77 are parameters 
in M.'^ and denote by (■, •) the inner product in L^. 

Definition 3.1. For u G S'* we define the short-time Fourier transform Vu of u as the 
tempered ultradistribution in M?'^ given by Vu{y,ri) = J^t^r) {u{t)Qo{t — y)). 

Proposition 3.1. The short-time Fourier transform acts continuously S'* (M"^) — > S'* (M^'^), 
S* (R^) — > S* (M^rf) andL^ {R'^) — > (M^^) . Moreover \\Vu\\^,^^,,^^ = (27r)'^/2||^||^^^^^^ ^ 
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Its adjoint map V* : S* (M^^) — y S* (W^) , 

V*F{t) = (27r)^ [ {F{y, r/)) G^it - y)dy, F e S* {W'') 

extends to a well defined and continuous map S'* (M^'^) — y S'* (M'') and (R^'') — y 
(M"^) and V*V = {2ttYL Now we can define Anti-Wick operators. 

Definition 3.2. Let a G S'* (M^'^) . We define the Anti-Wick operator with symbol a as 
the map Aa : S* {W^) — > S'* (M"') given by AaU = {2n)-'^V*{aVu), u E S* (M^). 

Observe that, if a is a multiplier for S* (M^*^) (for example an element of ^^^^pp {^'^'^))^ 
then Aa maps S* (M^) continuously into itself. Also, note that the above formula is equiv- 
alent to 

{AaU,v) = (271)-'^ {a, VuVT>), u,v e S* {R'^) . (4) 
From this, the following propositions follow. 

Proposition 3.2. Let an E S'* (M^'^) be a sequence that converges to a in S'* (M^*^), then 
Aa„u — > AaU, for every u E S* (W^) . 

Proposition 3.3. Let a E S'* (M^'^) be real valued. Then Aa is formally self-adjoint. 

If a is locally integrable function of *-ultrapolynomial growth (for example, if it is an 
element of ^*A^Bp,p (J^^*^)); then, by (4), we can represent the action of Aa as 

Aau{x) = — ^ / a{y, 7]) {u, Gy^ri) gy,^{x)dydr], u E S* {R'^) . 

The proof of the following proposition is the same as in the case of distribution and it will 
be omitted (see for example [10]). 

Proposition 3.4. Let a E S'* (M^^) . Then Aa = b"" where b E S'* (R^'^) is given by 

fe(x,0 = vr-^(a(-,-)*e-H^-H^)(x,0. (5) 

From now on we assume that Ap = Bp. Our goal is to represent the Anti-Wick operator 
Aa, for a E ^*A^Ap,p (l^^'^) as a pseudo-differential operator b^ for some b E ^A^Ap,p (IR^*^)- 
First, note that |?7p'^ < /c!e'^'^, for all k E N. From this one easily obtains the following 
inequality 

(r/)'^ < 2'=yfc!el''l'/l (6) 
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Theorem 3.1. Let a e r^|^^^^^ (M^^) . Then there exists b G T^j^^^^^ (M^^) and *- 
regularizing operator T such that Aa = If + T . Moreover, b has an asymptotic expansion 
Y.jPj FS^Qa^^p {p^^"^), where po = a(x,0 and 

2'j-l<\a+P\<2j 



where Ca B = —j [ rj°'y^e '^'^ ^^^^dydrj. 



IS 



Proof. First we will prove that J2jPj ^ FS*/^,Ap,p (^^'^)- ^^^^ ^^^^ = if |a + /9| 
odd. Hence 

|a+/3|=2j 

If we use the fact \r]\^ < -y/Me!''!^/^ we have \ca,p\ < c'y^|ajT|^, where we put c' = 
— / e~'^' ^'^dydrj. For the derivatives of pj we have 

|a+/3|=2j \V 5S;/ 

< r V (/^/j-)l7l+l^l+2i^^^^^^.eAfHg|)gAf(m|x|) 

- ((x,^))pl7l+Pl'5|+2pj ' 

i-e., we obtain i2dhH^)\.\m^2,A^AsA,A, " ^' ^ ' 

7, 5 G N, j G N. Hence YlijPj ^ ^^*A^Ap p {^'^'^)- Take Xj as in the remark after theorem 
2.4 and define b = ~ Xj)Pj- Then b G r^|^^^ ^ (M^'^) and 6 ~ J2jPj- enough to 

prove that 6 — 6 G 5*, for 6 defined as in (5). We have 

oo / n 

n=0 \ j=0 

By definition, xq = 0. We Taylor expand a and we obtain 

|Q|+|^|<2n+l 



11 



where r2n+2 is the reminder 

r2n+2(a:,i/,e,r?) = (2n + 2) ^ J_(^_^)«(2/ 

|a+/3|=2n+2 

./"(!_ (a; + _ a;), ^ + _ ^)) dt. 

Jo 

If we put this in the expression for b — b, keeping in mind the way we defined pj, we obtain 

n=0 |a+/3|=2n+2 '^^ 

where we put 

= / / ^"/(l - ty'^^d^d^a {x + ty,^ + tr]) 6-^^^'-^"^^' dyd7]dt. 

Jo Jr'^'' 

We will estimate the derivatives of Ia,i3- 

\djd%A^^O\ 

Jo Jr^'' 

1 |. /^|7| + |5|+2n+2^_^^^^^^^^^^^^^)^2n+2gAfHC+t„|)gA/(m|x+ty|) 



- Vo A- ((x + ty,e + try))(2'^+2)pel.P+I.P ^^^^^^ 

- ^^lo L o^oP^^w^^ 'y'^'' 

where, in the last inequality, we used (6). For shorter notations, we will denote the last 
integral by J(x,^). Note that ((x,^)) > i?m„ on the support of Xn+i — Xn- For the 
derivatives of (xn+i - Xn) (x, 0-^a,/3(a;, {), we have 



< 



< 



7 <7 
<5'<<5 



7'<7 
5'<<5 
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< 



(i?m„)(2"+2)p 

7\ /5\ 



-^S(v)G') 



7 <7 
<5'<<5 



(J?Mi)l'^l"l^'l+l'^l-l'5'l 



l7l+l'5| 



< 



< 



where, in the last inequahty, we used that 

Let m' > be arbitrary but fixed. Then one easily proves that e^^"''!^^'^)!) < e^^^'^'^l^l+l^l)^ < 

2gM(2m'|x|)eM(2m'|?|) ^^^^^ g^gjjy p^^^^g ^^idX 6^'^^^+"^ < 2e^^(2A)gM(2.) ) _ r^j^^^^ j^^^^ 

gAf(m|5+tr,|) ^ g-A^(2m'|5|)gM(2m'|C|)gM(m|C+t,,|) <- 2g-Af(2m'|5l)gM(4m'|t»7l)gM(4m'|€+fr,|)gM(m|5+fr,|) 
^ ^^g-M(2m'|SI)gAf(4m'|'7l)gM((m+4m')H|5+tr,|)^ 

where, in the last inequality, we used proposition 3.6 of [6]. Similarly 

^M{m\x+ty\) ^ ^^^-M{2m'\x\)^M{4m'\y\)^M{{m+4m')H\x+ty\) 

Obviously e^^^^'"'!''!) < cael^l'/^ and e*^^^™'!^'!) < czels'l'/^ for some C2 > which depends 
only on Mp and m'. We obtain 

/ r pM({m+4m')H\x+ty\) r „M((m+4m')-ff |?+tr?|) \ 

/(x,0<C3e-^«-^)lW / -r;^, dy. --^^ dr^] dt. 



Note that, when |?/| < |x| we have e*'^^^™^'^™')'^!'^"'"*^!'' < eA-^(2(m+4m')i?|a;|) <; gA4'(6(m+4m')-H'K'"n+i)^ 

on the support of Xn+i—Xn (where |x| < 3Rmn+i). When \y\ > \x\ we have e*^^'''"^^'"'''^'^'"'"*^'^ < 
^M{2im+4m')H\y\) < g^glj/P/s^ fo^ gome C4 > 0. We obtalu 

^M((m+4m')H\x+ty\) 

^M{{m+4'm')H\x+ty\) r ^M{{m+4m')H\x+ty\) 

-dy+ / jhtTa dy 



\<\x\ ei^^i 

< gM(6(rn+4m')HiJn^„+,) /■ _}_dy + cj ^rf^ < C5e*^(6('"+^'"')^^'""+^) . 
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We can obtain similar estimate for the other integral. By lemma 2.1, we have 
So, we have 

on the support of Xn+i ^ Xn- If "we insert this in the estimates for the derivatives of the 
terms (xn+i - Xn) we obtain 



- ^^^™^+^^^^J 

_g-Af(m'|(x,OI)_f^4{n+l)(6co(m+4m')-H'R+2) 

We will consider first the (Mp) case. Take R such that RM^ > L and 32d/RP < 1/2. 
Then choose h such that h < l/(2m') and h such that 8/iL^r3+2(6co(m+4m')Hij+2) < ^ 
8hLH < l/(2m'). Note that, the choice of R (and hence Xj) doesn't depend on m', only 
on Ap, Mp and a. For \a + (3\ = 2n + 2, we have 

a-/?' > > (^!i±^ 

- ^2n+2 - (2rf)2n+2 " 



Also, y/(4n + 4)! < 22"+2(^2n + 2)!. Now we obtain 

-^rsr iixn+i - Xn) 

|a+^|=2n+2 

- ^ (2n + 2)! Ua/i J fl<'^"+2)'' ' 

|Q+^|=2n+2 V / \ i / 

< ^l+S f ^\ r,2n+2+2d-l ^ ^ M^+S M(m'\(x,(,)\) ^ 

- ^ m'\^\+\^\ ' \RP J - ^m'\^\+\^\ '42^+2' 
where, in the last inequality, we put Cq = 2'^'^~^C^. Hence, for the derivatives of 

n=0 |a+/3|=2n+2 

we obtain the estimate C — . ^"'"f,. e"^'-'" K^'^^D and by the arbitrariness of m', it follows that 

256dhLH^ 1 

it is a iS'-^^f'^ function. Let us consider the {Mr,} case. Take R such that < -. 

I PS Rp - 2 
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Then, choose m and m' such that 6co(m + A'm')HR < 1. Then we have 



.g-M(m' I I) _f^4(n+l) (6co (m+4m')-H'K+2) 



n (^^^ , o.r.xA'"^" v/(4n + 4)!(8/zLg3)^-+^M, 
\rm[ + ^ J 

So ^ 



|a+/3|=2n+2 

l7l + |5| 



g-M(m'|(x,OI) 



|a+/3|=2n+2 ^ ^ 

- ^ \RMi J \ RP J 

/ h T \ l^l+l"^! 1 



Hence, for the derivatives of 

n=0 |o+/3|=2n+2 

we obtain the estimate CM^+s — rTTT7re~^^™''^'^'^^'\ where we put — = + 8hLH, 

i.e. it is a 5^^^*'^^ function. In both cases we obtain that b — b E S* , which completes the 
proof. □ 

Now we want to represent the Weyl quantization of 6 G T*^^^^ p (IR^'^) by an Anti-Wick 
operator A^, for some a G r^°°^ ^ p (M^rf) . First we will prove the following technical lemma. 



Lemma 3.1. Let Y.klk^ ^ ^^a^Av^p (^^'^) ^ ^ ^' ^^^^ ^^"^ ^o^^ = = ^.^^^ 



i-i 

(J) 



Assume that there exist m > and B > 0, resp. h > and B > 0, such that g^^' G 

FS^fJZ (^''' ^' ^' e Efc e FS™;;; (M2<i; B, h) for all j G N. 

Moreover, assume that the constants Cj^h, resp. Cj^rn, in 



sup sup sup , I I , loi , o, . — : — : — : = Cj h < oo 

ken h\'-W\+^''A^A^A,Ak '''' 
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resp. the same with Cj^m place of Cj^h the {Mp} case, are bounded for all j , i.e. 
sup Cj^h = Ch < oo, resp. sup Cj^m = C*m < CO- Then, there exist pj G C°° (M^*^) such that 



CO ] 

(0 



Pj ~ Efc (lk\ for all j G N and ^.pj E FS*^^^^^ {R'^'^) . Moreover, ^Pj ^^^Q^ 

j=0 j=0 1=0 

Remark 3.1. pj ~ Ylk ^k'' should be understand as equivalence of the sums O + - - j + 0^ +Pj+ 



+ ... andY^.q^^. 

oo 

Proof. Let R > 2B and take pj as in the remark after theorem 2.4, i.e. pj = ^^{i — Xk)(lk\ 

k=j 

for Xk constructed there. First, we consider the (Mp) case. We will prove that XljPj ^ 

F^'a^^a^p {^'^'i B, m), for sufficiently large R. Let h > Ohe arbitrary but fixed. Obviously, 
without losing generality, we can assume that h < 1. For simplicity, denote Ch by C. 
Using the fact that 1 — Xk{x,^) = for (x,^) G Qumi,, we have the estimate 
\D1D^^Pj{x,i)\ ((a;,^))pl°l+pl/3|+2pie-*^H?l)e-A'^H^I) 

{ShH)\^\+\P\+'^^A^ApAjAj 
i — „■ J \ J 



<5</3 



k=j 7<a 
(5</3 



\M3-k) 



lJ\5J {^hH)\''\+\P\+'^iA^ApAjAj 

.((^^^))p|7l+p|5|+2p,-2pfc _ Xk{x.i))\ 

oo ^ 
k=j 

k=j l<a,5<p ^ ' ^ ^ ^ 

(■5,7)7^(0,0) 

f^2{k-j)jj2k-^2(k-j)^2p_ ijjjjjs^ ^1 _ ^^^a:,0)\ {{x,Oy^^^'^'^^\+^''^^''' 



hh\+\s\A^As 

where Si and 5*2 are the first and the second sum, correspondingly. To estimate Si note 
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that, on the support of 1 — Xk, the inequahty ((x,^)) > Rnik holds. One obtains 

Si < (coco) C ^ ^,^(,_^.)^.,(.-,) < (coco) C < oo, 

for W > 2LH > 2hLH (in the second inequahty we use the fact that > Mj). For 
the estimate of 5*2, note that DjD^(l — Xk{x,^)) = when {x,^) G Q^Rm^^ because 
(5,7) ^ (0,0) and Xkix,^) = on Q^j^^^. So, for (x,0 e QaRm^, we have that {{x,^)) < 
(x) + (^) < GRrrik- Moreover, from the construction of we have that for the chosen h, 
there exists > such that \D^D^xix,0\ < By using > M^, one 

obtains 



\ph\+p\5\ 



k=j 7<Qi<5</3 
(5,7)7^(0,0) 



fc=0 

which is convergent for W > 2LH > 2hLH. Moreover, note that the choice of R for 
these sums to be convergent does not depend on j, hence Xk can be chosen to be the 
same for all pj. So, these estimates does not depend on j and from this it follows that 
EjPj e i^^S!^ (^'') (actually, to be precise, e i^4t!t^ {^''-^B^m), i.e. the 

same space as for Qk^)- 

In the {Mp} case, there exist hi,Ci > such that \D^D^xix,0\ < 
Arguing in similar fashion, one proves that ^jPj G PS^a^^a^ (m.'^'^; B,8hH^, where h = 
m^x{h,h}, i.e. E,P. e (ffi^^). 

oo i 

It remains to prove the second part of the lemma. One easily proves that gj'^ G 

j=0 i=0 

N-l N-1 j N-1 / N-1 \ 

^5;';:^„P (K'') • Note that E - E E = E - E • Moreover, for 

i=o j=o 1=0 j=o \ k=j J 

N~l oo 

(x,0 e QmniN and iV > j, pj - ^ g^^^ = E " ^'^^ ^fc^^- '^^^^ ^^^^^^ follows from the 

k=j k=N 

definition of Xk and the fact that m„ is monotonically increasing. We will consider first the 
(Mp) case. For arbitrary but fixed < h <1 and (x,^) G Qs/jm^, we estimate as follows 

D?D^ Y:Zn (1 - Xfc(a^. 0) 9? (a:, ((a;, e))^l°l+^l^l+2p^e-*^('"l«l)e-^'^('"l^l) 



< 



E 



(8(1 + H)h)\''\+\f^\+^^Ao,A^ANAN 



(1 - Xfc(x,0) D?Dlq^\x,0 ((x,0)^l°l+^l''l+''''^e-^'^("^l«l)e-^H-l) 



(8(1 + if)/i)l"l+l/'l+2^A,A^A;vA;v 
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k=N 7<«,(5</3 
(<5,7)7^(0,0) 



^-M{m\C\)^-M{m\x\) 



i AT „,^-„, \ '/ \ / 



(8(1 + /7)/i)l°l+l/5|+2^A„v4^v4^A^ 



< 



C ^ (1 

k=N ^ 



7 



A:=Af 7<a,5</3 
(-5,7)7^(0,0) 

+ 5*2, 



2fe-2JV 1^7^5(1 



0)1 ((^,0)^'"'+"'"^^^/^ 



b) (1 + ((a;, 0)'^'=-'''^A^<5^^^JV 



where 5*1 and 5*2 are the first and the second sum, correspondingly. To estimate 5*1, observe 
that on the support of 1 — the inequality {{x,^)) > Rrrik holds. Using the monotone 
increasingness of m„ and (M.2) for Ap, one obtains 



oo 



k-N^k-N 



< 



■'^^^ ^2^ ^fhHLV" 



La 



^2k-2Njj2k^2k-2NM2p_^ 



k=N 



64^ 



H) 



2N 



u—r\ \ y 



where we put C = ' ^'^^ some fixed > 2HL. For the sum 5*2, observe that 



fc=0 
2k 



2k 



64^ ^\Rp 64^ 

k=0 ^ ' 



k=0 



DjDi (1 - Xk{x,0) = when (x,0 e Q^Rrn^, because (5, 7) ^ (0,0) and Xk{x,0 = on 
Qmruk ■ Moreover, from the construction of x, we have that for the chosen h, there exists 
Ci > 1 such that \D^D^x{x,0\ < Ci/il"l+I^U„S/3. Now 

clCCi ^ 1 ^ fa\ f(5\ h''^-^''Q\^\+\'\H''^Ak.NAk-N 



< 



64^ ^ 8l"l- 

k=N 



7<Q,(5</3 
(5,7)7^(0,0) 



5; (1 + HY^R^P>^-^P^mlP^-^'^ 



h^k~2Nff2kA A 



k-N^k-N 



CqCCi ^--^ 
64^ (1 + Hy^R^p'^-^p^ml"''-^'^ 



< 



cqCq) CCiC 
64^v ' 



where we used the above estimate for the last sum. So, we have 
DtD^ EjJo {Pji^^0-Ek=l gi^'^(a:,0)| ((a;,0)"'"'+"'^'+''''^e-^'^'"'^l)e-^H-l) 



< 



(8(1 + H)h)\''W\+^^A^ApANAN 



(8(1 + H)h)\''\+W+^^A^ApAMA 



N 
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j=0 



2{coc'oyCCiC _ 2N{coc'oyCCiC 



which is bounded uniformly for all G Z^, for (x,^) G Q^RrriN, a,/3 E N'^. The proof for 
the {Mp} case is similar. □ 

Theorem 3.2. Let b G T^^^^^^ (M^^) . y/^ere exzsi a G T^^^^^^ (M^"^) and * -regularizing 
operator T such that h"^ = Aa + T . 

Proof. Put = h and p'^, g = ^ ^ J ^ define = ... = = 
and 



/i+«2+...+/j=fc |a{l)+/3(i)|=2/i,...,|a{j)+/30)|=2L 
«i>l,...,ij>l 

for k> i, k E Z+. We will prove that YlikP'k,j an element of FS^'^j^^^ (M^''). To do this 
note that, for k > j, 

/^l7l+l■5|+2fcff|7| + |^|+2fc^^^^^^^gM(n^|g|)gM(m|x|) 

If we use the same estimates as in the beginning of the proof of theorem 3.1, we have 



for all s G {1, j}, where c' = — r / e~'^'^^^~'^'^''^(i?/(i?7. Hence 



a(i)!/3W! ■ ... -aWl/JO')! 



The number of ways we can choose the positive integers li, such that li + ... + Ij = k 
fk - 1\ 

is ( . ^ ) . For every fixed li, we have 



|q(s)+/3('')|=2Zs 
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for s G {1, j}. So, if we use that k > j, we have 

^ -I-/ . — I „ n 1 I 1 i_o/ I „Y )i I ^TtI i_o/ 



h+l2+...+lj=k |a(i)+/3(l)|=2/i,...,|aO')+/3(j)|=2« 
«i>l,...,i3>l 



We obtain 



h+«2+...+;i=A: \aW+l3W\=2h,...,\a(i)+l3U)\=2L 
h>l,...,lj>l 

i.e. 



< Coll&IU,m,r, 



for all e ^, 5 g A; G N (for A; < j, p^^ = 0). So E^pI,, e i^^;;;";^,^, 

Note that CQ||6||/i_m does not depend on j, i.e. the estimates are uniform in j. By the 
above lemma, there exist C°° functions bj such that bj ~ YlikP'k,j^ J ^ N and Ylj^j ^ 
^^*A^,Ap,p {^'^')- Note that, by the construction in the lemma and the way we define p'^^, 
bo = p'qa = b. By theorem 2.4, there exists a G ^*A^Ap,p {^^'^) such that a ~ 
We will prove that this a satisfies the conditions in the theorem. By theorem 3.1, there 

exist c G ^*A°°A p i^'^) ciud *-regularizing operator Ti such that Aa = d" + Ti and c ~ 

00 

E E ^^r^xM^'O- One obtains 

00 

j=0 l+k=j \a+l3\=2l 

To prove this, first, by using ^ ^^A^App {^'^'^) and (7), one easily verifies that 

the sum is an element of FS*^'"^ ^ (M^f^^ _ Note that 

N-l N-1 j 

E E ^9?9W^-.«-EE E (-ir'^ar^fv.feo 

i=0 \a+l3\=2j ' j=0 1=0 \a+l3\=2l 

N-l N-1 N-1 

= E E ^9?9^(-.f)-EE E (-ir'^a?9.v,(x.f) 

j=0 |a+/3|=2i 1=0 j=l \a+l3\=2l 

N-1 N-1 N-1 

= E E ^9?9.M-.o-EE E 

i=0 |q+/3|=2j j=0 l=j \a+l3\=2j 

N-1 / 

3=0 \a+l3\=2j \ s=0 



20 



By using that a ~ and the inequahty (7), one easily proves the desired equiva- 

lence. Now, observe that, if we prove the equivalence 

oo 

j=0 l+k=j \a+l3\=2l 

the claim of the theorem will follow. Observe that 

N-l 

j=0 l+k=j \a+l3\=2l 



N-l 

= E E E (-i)'^fraf6.(.,o 

j=l l+k=j \a+/3\=2l ^ 

= E(-1)'^ME E ^d!d%.,{x,0-bk{x,0\- (9) 

k=l \j=k |Q,+/3|=2(j-fc+l) 

Because of the way we defined p'^ f., for s > k > 2, we have 

s-k+l 

= E E ^^^^ E E 

/i>l,...,«fe_i>l 

• •■■ • C^(fc-i),;3(fc-i) (i) + ...+„(fc-i) , . 

s~k+l 

= E E ^^F^fpU-i(-^o. 

«=1 \a+(S\=2l ^ 

For /c = 1 one easily checks that the same formula holds for p'^ ^ (by definition, p'^_i q = 
when s > I and p'qq = b). Hence 

N-l N-k / N-l 

E<^-(-'0 = E E ^^P'i E 

s=k 1=1 |a+/3|=2i ^ \s=/+fc-l 

N-k /N-l-1 \ 

= E E ^a^^'H E ■ 

i=l |a+/3|=2« \s=k-l J 

Now, we obtain 

E E 0-^.(^,0 

j=fe |a+/3|=2(j-fc+l) 

TV-fc 7V-1 AT-l 

= E E ^^F^f^^-i(^'0-E^U(^'0 + E^'U(^'0-&;.(^,o 

Z=l |q:+/3|=2« s=A: s=fc 
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N-k / N~l-l \ N-1 

1=1 \a+l3\=2l \ .s=k-l J .s=k 

By construction, b^^i ~ + .^^ + + Yl'^k-iP's.k-i- Moreover, by the above estimates for 

fc-i 

the derivatives of p'^ the above lemma and its prove it follows that there exist B > 0, 

m > and > in the (Mp) case, resp. there exist B > 0, h > and Cm > in the 
{Mp} case, such that for every h > 

for all (x,^) G Qbthn' a, f3 eN'^ and k, N E N, N > k, in the (Mp) case, resp. the same as 
above but for some h and every m with Cm in place of Ch, in the {Mp} case. Now, if we 
use the estimate (7), we get that 

bk-iix,o- E 

s=k-l 



< 



^ E 



\a+l3\=2l ^ 



3~ 2^ V- (/ig^)l^l+l^l+^^A^A^A;vA^e^-^("^l^l)e^^H^I) 

\a+l3\=2l 



for all (x,^) G Q%m.M' 7; ^ ^ ^"^^ > / + 1 (in the last inequality we used ^ 1 < 

|a+/3|=2Z 

22«+2d-i-j^ where we put C* = in the (Mp) case, resp. C = Cm in the {Mp} case. Note 
;hat the estimates are uniform in I and k. One obtains 



N-k / AT-Z-l 



«=1 |a+/3|=2« '^^ V s=k-l 

3 ,^^2d-i (4/^^^')l^l+'"+'^A-4<5Aiv^jve^-'^'"l^l)e^^H^I) 

-^0^ ((x,^))p|7l+p|5|+27Vp 

for all {x,^) G QsmN' 7; ^ ^ N > k, with uniform estimates in fc. Similar estimates 

N-l 

hold for ^^K,fc(^5 ~ bk{x,^) (by the definition of bk). By using the equality (9), we 

s=k 

obtain the desired result. □ 
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The importance in the study of the Anti-Wick quantization hes in the following results. 
The proofs are similar to the case of Schwartz distributions and we omit them (see for 
example [10]). 

Proposition 3.5. Let a be a locally integrable function with *-ultrapolynomial growth (for 
example, an element ofV*J^Q^p {E?'^^). If a{x,^) > for almost every {x, e M^^, then 
{AaU,u)L2 > 0, Vu G S* . Moreover, if a{x,C,) > for almost every (x,^) G M^'^, then 
lAaU,u)L2 >0,Wue S*, UJ^O. 

Nontrivial symbols a that satisfy the conditions of this proposition, for example, are the 
ultrapolynomials of the form ^q,C2q,^^", where C2a > satisfy the necessary conditions for 
this to be an ultrapolynomial, i.e. there exist C > and L > 0, resp. for every L > 
there exists C > 0, such that |c2„| < CL^I^I/Ms^, for all a G N*^. 

Proposition 3.6. Let a G (M^*^). Then Aa extends to a bounded operator on L"^ , with 
the following estimate of its norm \\Aa\\c^(L^(Rd)) < ||fl|l2,oo(']g2dy 



4 Convolution with the gaussian kernel 

The existence of the convolution of two ultradistributions was studied in [12] and [5] in the 
Beurling case and in [14] in the Roumieu case. The convolution of two ultradistributions 
S,T e V* exists if for every G V*, {S » T)^^ G pjf^^ (M^'^), resp. {S ® T)^^ G 
f)'{Mp} ^^2d^^ ^Yieie ^^{x,y) = ip{x + y). In that case ^ * T is defined by {S *T,ip) = 
{{S<S)T)ip^, 1). We will briefiy comment on the meaning of {{S®T)if^, 1) (for the complete 
theory of the existence of convolution as well as other equivalent definitions, we refer to [12] 
and [5] for the Beurling case and [14] for the Roumieu case). In [12], for the Beurling case 
and [14] for the Roumieu case, alternative Hausdorff locally convex topology is introduced 
on T)^j^\ resp T>\^ri^\ which is weaker than the original topology, stronger than the induced 
one from S* and V* is continuously and densely injected in it. Moreover, the duals of these 
spaces with these topologies coincide with resp. with V'^^^^ as sets. The meaning 

of {{S (8) T)ip^, 1) is in the sense of these dualities, li ip E V* is such that < i/.' < 1, 
ip{x) = 1 when |x| < 1 and ip{x) = when |x| > 2, then ipj — > 1, when j — oo, in 
the alternative topology of I^g^^^ resp. ^D^f^^ So, if G G resp. G G V'^^'^^\ 

{G, ipj) — > {G, 1), when j — >■ oo. 

Our goal in this section is to find the largest subspace of V* such that the convolution 
of each element of that subspace with e*''' exists, where s G M, s 7^ is fixed. The general 
idea is similar to that in [21], where the case of Schwartz distributions is considered. We 
will need the following results, concerning the Laplace transform, from [15]. 

For a set -B C M.'^ denote by chB the convex hull of B. 

Theorem 4.1. Let B be a connected open se t in Rf and T G I?'*(M^) be such that, for all 
^ E B, e~^^T(x) G iS'*(M^). Then the Fourier transform J^x^ri (e~^^T(x)) is an analytic 
function of ( = C, + if] for ^ G chi?, 77 G M.'^. Furthermore, it satisfies the following 
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estimates: for every K CC chB there exist k > and C > 0, resp. for every k > there 
exists C > 0, such that 

|J-,^,(e-^«T(x))(e + ^r/)| < Ce^'^W^I), E K,\/ri E R''. (10) 

Remark 4.1. //, forS E V* , the conditions of the theorem are fulfilled, we callj-'x^rj [e~^^S{: 
the Laplace transform of S and denote it by C{S). Moreover, 



C{S){0 = (^e'^^e-''^S{x),e-'^^j , (11) 

for ( E U + iM.'^, where U CC chB and e depends on U . 

If for S E V* the conditions of the theorem are fulfilled for B = M*^, then the choice of 
e can be made uniform for all K GG R'^ . 

Theorem 4.2. Let B be a connected open set in M| and f an analytic function on B + iW^. 
Let f satisfies the condition: for every compact subset K of B there exist C > and k > 0, 
resp. for every k > there exists C > 0, such that 

|/(e + iv)\< Ce^'^^'^l^l^ Ve E K,\l7] E M^. (12) 

Then, there exists S E P'*(Mf.) such that e-^^5(x) E 5'*(Mf) , for all ^ E B and 

C{S){i + ir^) = J-,^, (e-^«^(x)) (e + iv) = f{i + ^eB^t^eR". (13) 

Put B* = {S E V'*\cosh{k\x\)S E S'*, \/k > 0} and for s E M\{0}, put B* = e-"l^l'5*. 
Obviously B* G S'* and B; G V* . Define 

A* = {f eO [C^) |VA' CC M^, 3/i, C > 0, resp. \/h > 0, 3C > 0, such that 

|/(e + ir])\< Ce^^(^l''l), E K,y7] E R^] , 

A*^^^ = {/|Kd|/ E A*} and A* = e'l^l'A*^^^ Assume that A; > 0. First we will prove that 
cosh(A;|x|) E C°°(R'^). For p > 0, we have 



COS! 
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f oo 

E 




Vn=0 




2n 


(2n)! " 



^1 



n\ ^ n\ ) ^ (2n) 

n=0 / n=0 ^ ^ 



oo 



2nU|2n 



^ (2n)\ 

n=0 ^ ' n=0 ^ ^ 



is obviously in C~ (M'^) . We 



will give another two equivalent definitions of B*. We need the following lemmas. 

cosh f /c I ^ 1 1 

Lemma 4.1. Let k > 0. The function — r-r~r\ — iT ^■^ element of S* . 

cosh.[2k\x\) 
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Proof. Consider the function gk{z) = 



n=0 



-. Obviously gk{z) is an entire function. 



Put W = {z = X + iy G C ||x| > 2\y\} and consider the set Wr = W\B{0,r), where 



B{0, r) is the ball in with center at and radius r > 0. Then 



is analytic 



and single valued function on Wr, where we take the principal branch of the square root 
which is analytic on C\(— oo,0]. Also, for z G Wr, put p = \J — + A{xyY, 

cos6 = — and sin^ = — where 6 G (— 7r,7r), 

from what it follows 6 G {—11/2,7: /2) (because cos^ > and 6 G (— 7r,7r)). We will need 
sharper estimate for cos 6'. 



cos 6' 



> 



\y\ 



- \y\Y + ^ixyy 
2x 2\ -1/2 



2 


xy 




\x 


2 




y 


2 



\x\ + \y\ 
— lyp 



> 1 



41-^1 



^1/2 



_3 I ^ 1 2 
41-^1 



'1/2 
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Then 



> 

















cos t: +i sin - 



gfcRc ^(cosfi+jsin^) g— fcRc p(cos 6+i sir 

fcRc^(cos l+isin I) \. gA;^cos| 



where the second equality follows from the fact that we take the principal branch of the 
square root. Now, using the above estimate for cos 6*, we have 



^ 9 ^ /cos^ + 1 ^ ^ 3 + V34 



3+VU . 
bo, it we put ci = \ we obtam 



2V34 

> gCifcV(l^l'-|s/P)'+4(^y)' _ 1 > gCi^V|x-|2~|3;|2 



1 > 0. 



(14) 



Hence e^^^^ + e '^^^'^ doesn't have zeroes in Wr. Now, f(z) 



g2fcV22 _j_ g-2fcV22 



IS an 



analytic function on Wr. Moreover, because |^e^^ + e j ^ 2 G H 

and from the uniqueness of analytic continuation, it follows (^^^ + ^-kVz^^ /2 = gk{z) on 
Wr- Hence f{z) = gk{z)/g2k{z) on Wr and this holds for all r > 0, hence on W. Note that 
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5'2fc(0) = 1, so, there exists rg > such that \g2k{z)\ > on 5(0, 2ro) and hence gk{z) / g2k{z) 
is analytic function on Vnj-B(0, 2ro). Let Cr^ > be a constant such that \gk{z) / g2k{z)\ < 

on S(0,ro). Take ri > such that B{x,2dri) C (^C'^\5(0, ro/16)) n VT, for all 

X G Witt n M^. Then, for such x, from Cauchy integral formula, we have 



\d:f{x)\<^^ sup |/H|. 

r-^ |u)i-a::i|<ri,...,|«)£j-2,'d|<ri 

Now, for w = u + iv E such that \wj — Xj\ < ri, for all j = 1, ...,d, using the estimate 
(14) but with 2k instead of k and the fact Re \/z^ > 0, for z G W, which we proved above, 
we get 



I/HI 



+ e- 



-2fe 



< 



^2c,ky/\u\^-\v\^ _ ^ 



2pky/\u\^-\v\^+2\uv\ OpV^'^l"! r- r- 

< < < ^^g{v^-v^ci)fc|«| 



,2c 



and it is easy to check that \pl — -\/3ci < 0. If we put c = \f?)C\ — -\/2, we get 



Hence \dZf{x)\ < Cs^e-'^'^I^L For x G (5(0,ro/2) n Mf.)\{0}, if we take ra > small 



enough such that B{x,2dr2) C 5(0, Tq) we have (from Cauchy integral formula) 
,a ( 9k{x) 



\d:fix)\ 



g2k[x} 



< — sup 

^2 \wi-xi\<r2,...,\wa-xa\<r2 



g[w) 



Because /(x) is in C°°(M'') the same inequality will hold for the derivatives in x = 0. If we 
take r = min{ri,r2} we get that, for x G M'^, 



\d:m\<c^e-^>'\^\ 



for some C > 0. From this it easily follows that f{x) 



Lemma 4.2. If ip e S* and T G S'* then ^jT G Cg. 



cosh(/c|x|) 
cosh(2/i;|x|) 



G 5*. 



(15) 



□ 



Proof. The Fourier transform is a bijection between (9^ and 0%j (see proposition 8 of 
[4]) and J^{ipT) = J^ip * J^T. Hence, it is enough to prove that ifj * T E 0\j for all 
ip E S* and T G S'*. From the representation theorem of ultradistributions in S'* (theorem 
2 of [13]), there exists locally integrable function F{x) (in fact it can be taken to be 
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continuous) such that there exist m, C > 0, resp. for every m > there exists C > 0, such 
that ||-F(x)e~*'^^™'''^'^||^,„ < C and an uhradifferential operator P{D) of class * such that 
T = P{D)F. Because 

tjj^T = ip* P{D)F = P{D){il} *F) = P{D)i) * F 

and P{D)iIj G S* it is enough to prove that for every ip E S* and every such F, iIj*F E (^*m- 
We will give the proof only in the {Mp} case, the (Mp) case is similar. Let if) and F are 
such function. There exists /i > such that 

sup sup — < oo. 



Take m such that / e ^^^'^'^'-'e^^^^'^'^'-'dt is finite. Later on we will impose another condition 

Jm.<i 

on m. Then ||F(x)e-^-^(''"l^'l) ||^^ < Note that e*^^'"!^-*!) < 2e^(2m|x|)gM(2m|i|) ^^^^ 

easily proves that for A,z/ > 0, 6*^^'^+'") < 2e*^(^^)e*^(^'')), so we have 

< / \D''tlj{t)\\F{x-t)\dt<C'Gm — ^e*^H-t|)^t 

M(2m|x|)/i^ C M{2m\x\)-\/t 



We will use the equivalent condition given in proposition 7 of [4] for a C°° function to be 
a multiplier for 5'''^^^*' J'. Let A; > be arbitrary but fixed. Take m small enough such that 
2m < k. Choose hx < h. Then, by the previous estimates, we obtain 

hence t/^ * F is a multiplier for S'^^^^^ and the proof is complete. □ 

COSllf A/ U^j ) 

For 5 G -B*, by lemma 4.1, for k > 0, — r-m — rr ^ '5* by lemma 4.2 we have 

cosh(2fc|x|) 



cosh(A;|x|) 
cosh(2A;|a;|) 



cosh(A;|x|)5 = „„„u/o,'i^ix cosh(2A;|x|)g G C^. 



Similarly as in the proof of lemma 4.1 one can prove that (cosh(/c|x|))"' G 5*, for A; > 0. 
So, for S G B*, we also have S" = {cosh.{k\x\))~^ cosh{k\x\)S G (9^. Using this, we get 

B* = {S e V'*\ cosh(A;|x|)5 G Cg, VA; > 0} . (16) 
Lemma 4.3. 0'^''^^ C dJ^^ an^i Og"'-^ C p;^^^ 
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Proof. We will give the proof only in the {Mp} case, the (Mp) case is similar. Let S G 
^/{Mp}^ From proposition 2 of [4], there exist k > and {Mp} - ultradifferential operator 
P{D) such that S = P{D)Fi + F2 where ||e^'^('=l^-l) (|Fi(a;)| + 1^2(0;) |)||^^ < 00. We will 
assume that F2 = and put F = Fi. The general case is proved analogously. Let 
^ e We have 

1(5,^)1 = \{F,P{-Dm < ||e^^W-l)i.||^^ ||e^''^"-'^|L. \\Pi-D)^h^ < Cp^t,)i^), 

for some C > and (tj) G where, the last inequality follows from the fact that P{D) : 
^{Mp} — y ^{Mp} jg continuous. Because V^^^p^ is dense in B^^^p\ the claim in the lemma 
follows. □ 

If we use the previous lemma in (16), we get 

^iMp) = J^s e ©'(^'"^l cosh(A:|x|)5 G V'^f'''\ VA; > 0} , (17) 

^{Mp} = e D'^^^^'^l cosh(A;|x|)^ G V'^^'''\ VA; > o} . (18) 

Now we will give the theorem that characterizes the elements of V* for which the 
convolution with e'^'^' exists as an element of V*. 

Theorem 4.3. LetseR, s^O. Then 

a) The convolution of S ^ V* and e*'^'^ exists if and only if S ^ B*. 

h) C : B* — > A* is well defined and bijective mapping. For S E B* and ^,?7 G 
R"^, e-'^^+''i'>^S{x) G V'^^''^ (M^), resp. e-^^+'i^^'Six) G V'^^^"^ (Mf) and the Laplace 
transform of S is given by C{S){^ + ii]) = (^e"^^^^"^^^ S{x), l^). 

c) The mapping B* — > A*, S h-)- S *e'^^^^'^ is bijective and for S G B*, (^S * e'^l'l^j (x) = 

Proof. First we will prove a). Let S E B*. Let G is fixed and K GG R'^, such that 
supp if K. Note that 

and define f{x) = (cosh(A;|x|))~"'^ / (p{y)e'^^^^^~'^^^^ dy where k will be chosen later. Put 
I = snp{\y\\y G K} to simphfy notations. We will prove that / G 'D*^oa, for large enough 

k. For w G C^, put g{w) = / (p{y)e'^^^^^~'^^'^^dy. Then g{w) is an entire function. To 

J«.<i 

estimate its derivatives we use the Cauchy integral formula and obtain 

al 

|5"^(x)| < sup \g{w)\. 

' \wi-xi\<r,...,\wd-Xd\<r 
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Take r < l/{2dl\s\). We put w = ^ + ir] and estimate 



< 



l<^(2/)|e' 



s\y\''-2s. 



.2\smi\ 



c"||^||L-e2'l^ll«l 



K 



where we denote c" 



e^'^' dy. Hence, we get 



K 



\d:9{x)\ < 



.|a| 



(19) 



We can use the same methods as in the proof of lemma 4.1 to prove that 



cosh.{k\x\) 



— j.\a\ 



-c'k\x\ 



for some C > 0, c' > and c' doesn't depend on k. If we take r > small enough we 
can make it the same for (19) and the above estimate. Now take k large enough such that 
2Z|s| < c'k. Then, for h > fixed, we have 



X) 



Mr, 



< 



E 

/3<a 



a\ |L'"^^^(x)| ((cosh(A;|x|))"^)| 



Mr, 



//^„ „ M (2/^)'"'(«-/3)!e2'l^ll"l/3!e-^''=l"l 

< 3c Cy\\Loo 2_^\^^j — 



< 



where we use the fact 



3c"C||^|| 



2|a| 



/3<a 

E 

I3<a 



2|a|^|a-/3|^|/3|M 



2h 

r 



\a\ 



kPpl 



/ e Vl^. Because v[^Ir^ 



— 7- when p — oo. From the arbitrariness of h we have 
vj^J,^^ as a set, / G V^^^^K Now, we obtain 



[X 



)S = fix) cosh(A:|x|)e^l"l'^. 



^s\x\^g e B* (because S G B*), hence, by (17), resp. (18), cosh(A;|x|)e^l^l'^ G pjf^^ resp 



cosh(A;|x|)e^l^l'^ G P'?^''^ Hence (y?*e^l^l') 5 G I^Jf^^ resp. ( * e^l^l' ) 5 G V'^i 



y{A/p} 



The theorem of [5] implies that the convolution of S and e*'^' exists, in the (Mp) case 
Let us consider the {Mp} case. If we prove that for arbitrary compact subset K of M"' 



the bilinear mapping ((/?, x) ^ e 



I I') S,x), ^5-^'^ X B^^^^^ C, is continuous 



theorem 1 of [14] will imply the existence of convolution of S and e'^l'^l . Let CC M'^ be 
fixed. By the above consideration, we have 

^*e^l-l') S,x)\ = |(cosh(A;|x|)e^l^l'5(x),/(x)x(x))| <CiP(t^.)(/x), 
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for some Ci > and (tj) G 9^, wliere, in tlie last inequality, we used that cosh(/i;|x|)e'*I^I^S' G 
f)'Wp} ^ For brevity, denote = Hjii = 1. Observe that 

\D-{f{x)x{x))\ ^ ^fa\\D^fix)\\D"-^xix) 



^fa\ D'f(x) D''-^\{x) 



< Cc"p(tj/2),K{^)P(t,/2){x), 

where we used the above estimates for the derivatives of /. Note that c" does not depend 
on if, only on K. From this, the continuity of the bilinear mapping in consideration follows. 
For the other direction, let the convolution of S and e*'^' exists. Then, by the theorem 

of [5], resp. theorem 1 of [14], for every Lp E V*, ^yj * e*'''^ j 5* G V'^^''\ resp. * e"*'''^ j S G 

V'l^^"^. Let if G V\ such that ip{y) > 0. Put U = {y e R'^\(p{y) ^ 0} and t = sup{\y\\y G 
suppv?}. Then we have 



where c = (p{y)e^^^^^ dy. Let xq G and £ > be fixed. There exists (p E V*, such 

that U C B{xQ,e) {B{xQ,e) is the ball in Mf^ with center at xq and radius e). Then 

inf (— 2sxy) > inf {—2sxy) = —2sxxq + inf {—2sx{y — xq)) > —2sxxo — 2£:|s||a;|. 

yeU y&B{xo,e) yeB{xo,e) 

We get 

Define f{x) = e-2^^^o-2.|.|v/iq^ ^(y)e'\y\'-^^^ydy^ . We will prove that f eVl^. 

g{w) = / (/9(y)e^'^' ~^^^^dy is an entire function. Put w = ^ + iri. Then, for w in the strip 

+ z{?7 G M'^||?7| < l/(8|s|t)} and y G suppv?, we have \2sr]y\ < 2|s||?7||y| < 1/4 < 7r/4, 
hence 

/ ^{y)e'\y\'-^''"ydy > [ ip{y)e'^y^'-^'^y cos{2sr]y)dy >^ [ ip{y)e'^y^'-^'^^dy > 0. 

JR-i jRd V2 jRd 

Moreover, q-'^^'^^o-M^'Wi+w'^ jg analytic on the strip M^+z{?7 G M°'||?7| < 1/4}, where we take 
the principal branch of the square root which is single valued and analytic on C\(— oo, 0]. 
So, for tq = min{l/4, l/(8|s|t)}, fiw) is analytic on the strip Mf^ + i{ri G ]R'^||?7| < tq}. To 
estimate the derivatives of /, we use Cauchy integral formula and obtain 



r/(^)l<4^ sup l/HI, (20) 

' \wi-xi\<r,...,\wa-xa\<r 
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where r < ro/(2rf). Put p = W (1 + |^|2 - \ri\Y + 4(^r/)2, cos ^ 



1 + 



ii + \^\'-\v\'f+my 



and sin^ = — -^^= 
6' G (— 7r/2,7r/2) (because cos6' > and 6 G (— 7r,7r)). Then 



:, where 9 G (— 7r,7r), from what it follows that 



Re {yiTw^^ = Re y^/p \^cos - + 



f e e 

' z sin - 
V V z 2 



^ e ^ /cos^ + l 
VPCos- = ^ 



V2 



V2 



i + ieP-|^P + V(i + ieP-HT + 4(er/)^ 



> _ VI + - + 1 + - |r/|2 = VI + |e|2 - 

where the first equality follows from the fact that we take the principal branch of the square 
root. We obtain 



I/HI 



-2s'WXQ—2£\s\\/T+W^ 



< 



< 



/Op-2sixop-2e\s\\i\ 



So, from (20), we have |<9^/(x)| < Coa!/rl"l, for some Co > 0. From this it easily follows 
that / G "^2°°- Now we have 



x)S E 'D'^^^\ resp. 



^-2sxxo-2e\s\^Jl+\x\^^ ^s\x\'^ g ^ j^^^ ^ 



(21) 
(22) 



where we used the fact that * c^'''^^ S G resp. * e^'''^j S* G V'^^ ^^^ (which, as 

noted before, follows from the existence of the convolution of S and e'^'^'^) and these hold 
for every xq G M'^ and every e > 0. Now, put x'q = 2sxo, Xq = —2sxo and e' = 2\s\e. Then, 
from (21), resp. (22), we have 

e--o--'V^e'\-\'S G V'^'"^ , e^^o-''^y^e'\^\"S G resp. 

^-xx'o-e'y/l+\x\^^s\x\^g ^ f)'Wp} ^ ^xx'i-e'^/l+\^^s\x^'g ^ V'^t'''^ 

and from arbitrariness of xq and e > it follows 

cosh(xxo)e"^v/^e''l"l'5 G resp. cosh(xxo)e-^Vi^e^l"l'^ G V'^^^"^ (23) 
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for all xo e and all 5 > 0. Let / > 0. Take x^-^'^ E W^, j = 1, ...,d, to be such that 



Xq^ = 0, for j ^ q and x\^' = Id. Then 



U) 



cosh(/|x|) < e'l'l < JJe^l"^! < 



E ^^""^''1 ^ E ^ 2 cosh (x(^)x) . (24) 



We will prove that cosh(/|x|) j cosh (2x^-^^x) j G ^^2°°- The function cosh.{2ldWj) 

\j=i J j=i 

is an entire function of w = ^ + ir]. Moreover, for w eU = W^ + i{rj G M'^||?7| < l/(4/(i^)}, 
we have 



cosh(2/(iwj' 



> 



> 



^ (e^'^i?. + e-2'''«^) cos(2/rfr/,) + i ^ (e^''^^^ - e-^'"^^) sm{2ldr]j 
i=i i=i 



^(e2''^5.+e-2/<iC.)cos(2/rfr/,0 



> 



) 



V2 



hence 



cosh{2ldwj] 



Pi 

> ^ ^ e^'-^l^^l > 0, for all w = e + e t/. 



(25) 



For cosh(/|x|), we already proved that is the restriction to M'^\{0} of the function cosh(/A/u^) 
which is analytic onH^ = {w = ^ + ir7GC'^||^| >2|?7|} (see the proof of lemma 4.1). Hence 

cosh(/Vi^) j cosh(2/(iwj) j is analytic on TV fl f/. We will use the same notations 



that were used in the proof of lemma 4.1. Similarly as there, put gk{w) = 



n=0 



(2n)! ■ 



Then gk{w) 



/2, for G Wr n and from the uniqueness of analytic 

/2 on W. Fix 



continuation and arbitrariness of r > it follows guiw) = ( e^^^'^ + e '^^'"^ 



< ro < l/(8/(i^). Then, for w G 5(0, ro), by (25), we have 



giiyS) j cosh(2/(iwj 



Take ri > such that 5(x, 2dr\) C (^C'^\5(0, ro/16)) n VTn t/, for all x G VTm n : 
For such X, we use Cauchy integral formula to estimate 



< 



9° 



cosh(Zv x^ 



Xlj=i cosh(2/(ixj 



a! 

< — sup 

^1 |i«i-xi|<ri,...,|u)d-Xd|<ri 



cosh(/vu;2 



^j=\ cosh.{2ldwj 
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Now, using (25), we have 



J2'j=i cosh.{2ldwj 



< 



2 e 



4eVl«l^-l''P+2lC^I 4e2'l?l 8cosh(2/|e|) 

< ^ < ; < : < C \ 



A^]=i ^j=i ^j=i 

where the last inequahty follows from (24). Hence, for x G Wra fl we get 

cosh(Z|a;|) 



J2j=i cosh.{2ldxj 



<C'—. 



For X e (i?(0,ro/2) fl ]R^)\{0}, if we take r2 > small enough such that B{x,2dr2) C 
5(0, ro) we have (from Cauchy integral formula) 



cosh.{l\/x^) 



X]j=i cosh{2ldxj 



J2j=i cosh.{2ldxj 



< — sup 

^2 \wi-xi\<r2,...,\wa-xa\<r2 



-1 



X]j=i cosh.{2ldwj) 



Because cosh(/|x|) cosh (2x*'-'''x) J is in C°°(]R'^) the same inequality will hold for 
the derivatives in a; = 0. If we take r = minjri, we get that, for x G M"^, 



(9° 



cosh(/|x|) 



Xlfci ^osh. {2x^^^x) 



< C 



Now, it easily follows that cosh(/|x|) j ^^cosh (2a;''-' •'x) j G ^^2°°- From (23), we have 



cosh(/|x|)e-"v/^e*l"l'5 G resp. cosh(/|x|)e-"v/^e^l"l'5 G (26) 

for every / > and every e > 0. Let / > be fixed. By considering the function 
which is analytic on the strip + i{y G < 1/4}, we obtain the estimates 



< C^e^^V^+l^l", for f < l/m) and some C > 0. By this and (15), for 
small enough r > 0, we have 



)U} 

/ cosh i ^ 



cosh(/|x|) 



I3<a 



cosh 

cosh(/|x|) 
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I3<a 

where the last inequahty will hold if we take e < cl/4 and c is the one defined in the 

COsll / 

proof of lemma 4.1. We get that , / e^V^+'^^'l'' eV*roo. From this and (26) we get 

cosh(/|x|) 

cosh e'^l'^I^S' G V'^f^^\ resp. cosh e^l'^'^S' G V'^^^^\ From the arbitrariness of 

/ > 0, we have 

cosh(/|x|)e^l"l'^ G resp. cosh(/|x|)e''l"l'^ G P^^f^^ 

for all / > 0. By (17), resp. (18), we have that G B*. Hence 5 G B*. 

Let us prove 6). Let S E B*. Similarly as in the proof of lemma 4.1, we can prove that 

for each fixed ^ eW^ there exists kc > (k depends on f ) such that — , , — r- G S* (M-t) . 

^ ^ ^ cosh(A;5|a;|) ^ ^ 

Then, for fixed ^ G M*^, we have 

""'^^ = ll\ I, cosh(fcg|x|)g G 5'* (m3 . 
cosh(A:^|x|) ' 

Hence, by theorem 4.1, the Laplace transform of S exists and belongs to A*. Analogously, 
for e > and ^ + it] fixed, we can find A; > (/c depends on e and + irj) such that 

p-{i+iv)xpe^Jl+\x\'i 

G S* {Mi). Then 



cosh(A;|x|) 



= ^ cosh(A;|x|)5 G 1^;^^ (Mf) , 

cosh(A;|x|) ^ ^ ' 



in the (Mp) case and resp. e-(«+^'')^e"v^^^ G ^D^^^^''^ in the {Mp} case. By (11), we 
have 

C{S){^ + zr/) = ^e^v/i+N^e-(«+*'')^'5(x),e-^v/^) = (e-(«+^'')"5(x), 1,) . 

The injectivity is obvious. Let us prove the surjectivity. By theorem 4.2, for f E A* 
there exists T G P'* such that e-^«T(x) G 5'* (Mf), for all ^ G and £(T)(^ + ir]) = 
/({ + ir]). Because e-^«T(x) G 5'* (Mf), for all { G M"' we obtain that cosh(xOT(x) G 
5'* (Mf) for all ^ G M'^. Let /c > 0. By the considerations in the proof of a), if take 

x^^'^ E M'^, j = l,...,(i, such that x^^^ = 0, for j ^ q and x^-"''' = kd, we obtain that 
cosh(A;|a;|) [ ^ cosh {2x^^^x)\ E Obviously Vl^ C C*^. Hence 



-1 d 



cosh(fc|a;|)T(x) = cosh(A;|x|) ( ^ cosh (2x(^\) ^ cosh (2x(^\) r(x) G S'*{R'^). 
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We obtain T G B* and the surjectivity is proved. 

Now we will prove c). By a), S * e'*' ' is well defined for S E B*. Let ip E V* is such 
that < i/j < 1, ip{x) = 1 when |a;| < 1 and ip{x) = when |x| > 2. Put ipj{x) = tp{x/j) 
for j E Z+. Because the convolution of 5* and e*'^' exists, 

(^S * e^l-l', ^^ = (^(^if* e^H^ j s, = ^lim ^ * e^H^ j s, t/jj") , (27) 

for all ip E V*. Fix j E Z+ and observe that (J^^p * e^H'j 5^^^.^ = {{i^jS) * e^H'^^^^ Let 
/ G N be so large such that supp ipj C {x E M.'^\ipi{x) = 1}. We have 

where the third and the fourth equality follow from theorem 2.3 of [7]. We obtain (^{ipjS) * e^''' 
e«I^P {^e^l«l'e-2^^«5(0,^/'i(0) for all ip E V* and all j E Z+. Hence 

e^l^l' ^e^l«l'e-2-€^(^), ^.(^)^ = (^(^.5) * e^M' j (x) (28) 

in D'* (Ri), for all j G Z+. Because (^e^l«l'e-2^^«^(0, ^i(O) = (v^i(0'5(0, e'l^l'e-^^^?^, 
for every fixed x E M.'^, theorem 3.10 of [8] implies that the left hand side of (28) is an 
element of £* (M^). By (27), the right hand side of (28) tends to * e^l'l" in V*. Because 
S E B*, e"l-l'^ e B* and by 6), for each fixed x,y E e'^^+^s') e^H'^ ^ resp. 
^-ix+iy)-^s\-\^g e V'l!'^''\ the Laplace transform of e^H'^ exists and £ (e'^'^^S^ (2sx) = 

e**l^l^e~^'*^^S'(^), for every fixed x E M'^. So, the right hand side of (28) tends to 
g«kp£ ^gs|-p5'j (2sx) pointwise. We will prove that the convergence holds in V*. Let K 

be a fixed compact subset of Mf^. With similar technic as in the proof of lemma 4.1, we 
can find large enough k > {k depends on K) such that e~^*^^ (cosh(/i;|,^|))~^ E S* [Rf), 
for each x E K and the set |e~^*^' (cosh(/c| ■ |))^^ E S* (M|) |a; E is bounded subset of 
S* (Rl). Because S E B*, cosh(A;| ■ \)e'\-\^S E S'*. Hence 

(e^l«l^e-2-«^(0,^,(0) = (e^l«l'e-2-« (cosh(fc|e|))-' cosh(A:|e|)^(0, V^,(0) 

= (e^l^l^ cosh(A;|e|)5(0, e'^^^^ (cosh(A;|e|))-^ ^,(0) • 
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By the way we defined ipj, one easily verifies that {e (cosh(fc| ■ |)) ^ t/'j (■) |x G -ft', j G Z4. j 
is a bounded subset of S* (M|) . From this it follows that there exists Ck > {Ck 

depends on K) such that e^l^l' (^e*l«l'e-2*^«^(0, V'i(O) < Ck, for all x E K, j e 

Z+. Because e^l^l' {^e''l«l'e-2^^«^(0, ^Ai(O) tends to e"l^l'£ (^e^H'^j (2sx) pointwise, by the 

above, the convergence also holds in V* (M^). Hence, we obtain e"l^l'£ (e'^'^^ {2sx) = 

(^S * e'*!'!^^ (x). Now, b) implies S + e^l''^ G A*. The bijectivity of 5 i-)- 5'*e''l'l^ follows from 
the bijectivity oi C : B* — > A* . □ 

5 A new class of Anti-Wick operators 

Theorem 4.3, along with (5), allows us to define Anti-Wick operators Aa : V* (M°') — > 
V* {W^), when a is not necessary in S'* (M^"'). If a G B*_^ (and only then) b{x,^) = 

, ^) exists and is an element of A*_'^. If this h is such that, for 

every % G P* (M^"') the integral 

j^J [ [ e'^''^yn(^,Ax{x,y)dxdydC (29) 

is well defined as oscillatory integral and {Kb, x) defined as the above integral is well 
defined ultradistributions, then the operator associated to that kernel (see theorem 2.3 of 
[7]) cp ^ {Kbix,y),ip{y)), V* (M^) — > V* (M"^), can be called the Anti-Wick operator 
with symbol a (because of proposition 3.4, this is appropriate generalization of Anti-Wick 
operators) . The next theorem gives an example of such h. 

Theorem 5.1. If a E B*_^ is such that b, given by (5), satisfies the following condition: 
for every K CC there exists f > such that there exist m, Ci > 0, resp. there exist 
Ci > and (kp) G SH, (in both cases Ci and m, resp. Ci and (kp) depend on K) such that 

|6(x + 2r/,OI < C'le^^^"''^^ resp. |6(x + ir/, 01 < Cie^'^f ^^l^, x G J^, |r/| < f , ^ G (30) 

then (29) is oscillatory integral and Ki, defined by (29) is well defined ultradistribution. 

Proof. Under the conditions in the theorem, Cauchy integral formula yields \D'^b{x,^)\ < 
Ca!/rl"'e^'^(™l«l), resp. |D^6(x,OI < Ca!/rl"'e^'=f ^'^'^ for all x G J-s:, ^ G M'^ (n and 
C depend on K). Let U be an arbitrary bounded open subset of M?'^. Then V = 
{t G R'^\t = {x + y)/2, {x,y) G U} is a bounded set in W^, hence K = V is compact set. 
For this K, let m, resp. (kp) be as in (30). Take Pi, resp. Pi^, as in proposition 1.1, 
such that |Pi(OI > Cae*^^'^!^!), resp. |Pz^(0| > Cae^'-f^^), for some C2 > 0, such that 

f eM{m|?|)g-M(r|?|)^^ ^ ^ggp_ f g7V,^(|C|)g-iV.,{|5|)^^ ^ ^_ ^gg^g ^^^^ 

{Kb,u,x) = ^ J^^^ ^-^^Pi{Dy) (b f X{x,y)\ dxdydi, x e V\U), 
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in the (Mp) case, resp. the same but with Pi^ in place of Pi in the {Mp} case and then 
one easily checks that Kb,u ^ T)'*{U). Moreover, liip ^V* {W^) is such that = 1 in a 
neighborhood of 0, for 5 > 0, we can define Kb^u,ip,s ^ 'D'*{U) as 

Then Kf,^u^^^s — ^ K},^u, when 6 — > O"*", in V*{U). Combining these results, we obtain that 
the definition of Kh u does not depend on Pi resp. Pi^, when these are appropriately chosen 
(see the above discussion) and on the choice of ip with the above properties. Moreover, 
when Ui and U2 are two bounded open sets in M^*^ with nonempty intersection, it follows 
that Kb^u-^ = Kfj^UiuUi = Kb^u2 'D'*{Ui fl U2)- Because V* is a sheaf (see [6]), can be 
defined as an element of V* (M^'') as the oscillatory integral (29). □ 

Example 5.1. Interesting such symbols a are given by e'''^'^P(.^) , where I < 1 and P{^) is 
an ultrapolynomial of class *. In this case, obviously a G B*_^. Moreover 

b{x,0 = ^e-N^-l«l^£(e-l-l^-l-l^a(,.))(-2x,-20 

= 1 e'l-l^/(-') £^ e-l''I^P(e - V)dv 

In the (Mp) case, there exist m, Ci > such that |P({ - r/)| < Cie^^('"l«l)e^'^("*l''l\ resp. in 
the {Mp} case, there exist Ci > and (kp) G % such that \P{^ - v) \ < C^e^^f ^^l^e^'^p^!''!) 
(in the (Mp) case this estimate follows from proposition 4-5 of [6], in the {Mp} case the 
estimate easily follows by combining proposition 4-5 of [6] and lemma 3.4 of [8]). Hence, 
b satisfies the conditions in the above theorem and can be the defined as the operator 
corresponding to the kernel Kh defined as the oscillatory integral (29). 
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